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Functional data

Examples
Stock exchange evolution Gait curve : angular knee
Model :
X ={X, : t€[0,7]},
8 . Xt (1 — R

Kneading pI’OCGSS: resistance dOUght PLS regression with functional predictor and missing dgie2£20



Models for functional data

Deville (1974)

Saporta (1981)

Ramsay and Silverman (1997, 2002, 2005)
Ferraty and Vieu (2006)

Factorial analysis

Regression models

Classification

Clustering
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Missing data for functional predictor

Pleonasm ?

In practice, a curve is observed in a finite number of instants
D=t <t1 <...<tp="1":

{(t()vXto)? (tla Xt1)7 RIS (tkvth)}'

0 T time
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Solution :

| nt er pol ati on: linear, spline, ...

snoot hi ng Iif data Is observed with errors : projection
Into a finite dimensional function space (B-spline, ...)

X

Smoothed curve using cubiB:spline functions
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Missing Completely At Random (MCAR)
Little and Rubin (1987) :

The occurrence of missing data is independent of the data
structure.

—
X(t) /\_/ |

0 - - T

What model for missing data occurrences ?
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The “Missing” process M(t)

Two-state process :

1, if datais missing at time t

M(t) = _
0, otherwise.
™
X(®) /_\ ) /\_/
M(t) - -

time

MCAR ={X;,t € [0,T]} and{M,,t € [0,T]} are independent.
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Example : kneading data

Complete curve
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Measure of missing information:
Mean Time of Missing ObservatigMTMO) :

1 T
MTMO — / U(t)dt.
T 0

whereU(t) = P(M(t) = 1).

Example:

Two state markovian jump process with continuous time
- State 0 : Expk)

- State 1 : EXpf)

A A
MTMO = _ (1 o A?“)
Atp A+ )T

T =1,\1,p=100: MTMO = 0.009802.

The process is unobservable about of 1% of time.
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Imputation of missing data.

Time-average approximation and NIPALS algorithm

Let X1,..., X, benindependent observations (curves) of X.

Time-average approximation(Preda, 2000) :

ConsiderA = {t; < t; < ... < tx = T} an equidistant
discretization of [0, T] such that
-ti=ix6,0=+%,K>1.

- for all curves, any missing data interval is of the fofim,|
Then

1 bi
XA =m; = /Xtdt,z':l,...,K.
ti —ti1 Jy,

(X, te[0,T]} = {X~A tc[0,T]} ={my,i=1,...,K}.
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Example :

time

Time-avearage approximation

Missing data correspond to missing values for the random
variablesn;, i1 =1, ..., K.

NIPALS algorithm (Tenenhaus, 1998) is used for imputatibn o
missing data.

Missing data for a curve Is approximated by the imputation

of the corresponding time-average approximationsn;’s.
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PLS regression and missing data

Y =f(X)+e
Y . -scalar R)

- vectorial R?)
- fonctional L2 ([0, T7]))

- categorical

Model :
- parametrical (PCR, PLS)

- non-parametrical (RKHS)
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The linear model

F(X) = (X, B) Lactorry) = /0 XB(t)dt, B e L([0,T)).

Least squares criterion :

BX) = [ BUXGX)B0E (W

Penalized Least Squares criterion :

- principal component regression
- Projection

- Partial Least Squares (PLS)
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The PLS approach

Tucker Criterion :

[ . b,
max  Cov? /Xsw(s)ds,ZciYi
\—~

w)c  1=1 )

w € Ly([0,T]), [Jw] =1
ce RP |c]| =1

Solution (Preda and Saporta (2005))] :

WAWYE = A\ .t
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Theorem [PLS expansion]rorall h > 1:

a) {t;}1<i<n —orthogonal systemifiz(X),

T
b) Y =cit1 +coto+...cptp, + Y, = /XtﬁpLS(h)(t)dt + Yy,
. ~~ _/ O

Y prs(h)
c) Xt =p1 (t)tl —|—p2(t)t2 + ... —|—ph(t)th + Xh,ts

PLS approximation :

T
Yprsm) = /0 XtBprsm)(t)dt

If X, is approximated byX~ then

PLS(Y/X®?) = PLS(Y/m1,...,mg).
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Simulation study

y — /O BOX.dt 4 e,

where

- B(t) = 3t°

- X; : standard Brownian motion df, 1]
-¢:E(e) =0,V(g) =0.1

V(Y) = 0.5, R2(X,Y) = 0.8
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-n = 100 curves observed 00, 1] in 1000 equidistant time
points.

- Time-average approximationy:= 1/100
({m;:i=1,...100})

coefficients

beta(t)
15 20 25
| |

10

05

0.0

Regression coefficient function with complete dat & 0.7645)
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The fit with missing data
Exponential r.v’s are simulated with a precision of 1/1000.

Parameters MTMO  R?
Complete data 0 0.7645
A=1,u=100 0.00980 0.7263
A=1,u=>50 0.01922 0.7288
A=1,u=20 0.04535 0.7144
A=2,u0=20 0.08677 0.6625
A=2,u=10 0.15277 0.6218
A=2,u=>5 0.24493 0.4872
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Conclusion and Perspectives

- Two state Markovian jump process as model for missing data
process in the MCAR case.

- Time-average approximation and NIPALS algorithm for
Imputation data.

- Influence of the amount of missing data (MTMO) on the
guality regression model.

- Other models for the missing data process (dependence
models).
- Other methods for imputation missing data.
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